An infinite number of perturbed k = 0 Friedmann cosmologies filled with dust and radiation is found. As we go up the sequence, the solutions contain an increasing number of integration functions. With the coordinate gauge adopted to co-move with the perturbed matter, the solution of a pair of coupled equations for the trace h of the metric perturbations and for the radiation density perturbations δρ r is the key to the problem. An estimate is given of the temperature variation of the cosmic microwave background radiation due to the Sachs-Wolfe effect. It is found that the temperature fluctuations can grow faster than in the absence of radiation.
Introduction
The first-order perturbations of a Friedmann universe with a flat 3-space filled either with dust or radiation have been obtained by Sachs and Wolfe 1967 . They computed the temperature fluctuations of the cosmic background radiation in the dust-filled universe, assuming that the domain in which the photon travels is matter-dominated. This classic prediction for the temperature fluctuations overestimates the experimental value (Mather 1992) by several orders of magnitude. The prediction has been made by considering only the gravitational perturbations along the path of the photon. Obviously, the inclusion of random temperature fluctuations on the surface of the last scattering can only increase the effect. Neither did the discovery of large-scale structures (voids and walls) bring us closer to the resolution of this paradox. Though it has been put forward (Mather 1992 ) that the observed fluctuations are primordial (as opposed to propagation effects), this is hard to take seriously unless we are able to reduce the magnitude of the Sachs-Wolfe effect.
Here we compute the perturbations of the k = 0 Friedmann universe in the presence of both dust and radiation. Perturbations of two-fluid cosmologies have been studied in the past decades (Kodama 1987 , Koranda 1994 , Perjés and Komárik 1995 . Instabilities are known to exist in two-fluid cosmologies (Mukhanov 1992) . One could reduce the magnitude of the metric fluctuations affecting the photon orbits by assuming, for example, that the observed large structures are late emerging manifestations of the instabilities. The main result of the present paper, in Sec. 6, is an infinite series of solutions, with an increasing number of integration functions. Like in the pure dust model, the solutions contain a relatively increasing and a relatively decreasing mode of the radiation density perturbation. The growth is, however faster in the presence of radiation and even faster as we go up the sequence of our solutions. In Sec. 7, we estimate the magnitude of the Sachs-Wolfe effect on the temperature variation of the cosmic background radiation. We find that the relatively growing mode is incompatible with the observations already with the first solution.
The energy-momentum tensor is a sum of those of the two media,
The contribution of the dust has the form
For the radiation,
The four-velocities are normalized u a u a = 1. We assume that, after the decoupling, the conservation law T a b;a ≡ (ρ + p) u a;b u b − p ,a + u a u b p ,b = 0 applies separately to both the matter and the radiation components:
This is justifiable because the decoupling occurs near the time of equal matter-and-radiation density, and after that, coupling occurs only via the universal gravitational interaction. We get two energy conservation equations by transvecting with u b ,
and two momentum conservation laws:
The perturbed model
We adopt the conformal form of the metric
where (η ab ) = diag (1, −1, −1, −1) and h ab is the metric perturbation. The indices of the perturbed quantities are lowered and raised by the Minkowski metric η ab = η ab . We shall not use the explicit form of the scaling function a(η) as long as possible. In the perturbed universe, h ab = 0, the densities of the components can be written to first order
where i stands either for m (matter) or r (radiation). Here ρ r and ρ m are the unperturbed densities
and δρ i are the first-order density perturbations. According to the unperturbed models, the radiation density ρ r dies out faster than the matter density, ρ m .
The dipole effect of the cosmic background radiation provides an experimental value for the local relative velocity of the order of 600 km/sec. Thus we have good reason to assume that δu i m = δu i r . Here we stick to a comoving gauge. For gauge invariant methods, cf. Refs. Magueijo 1993 , Russ 1993 , Kodama 1987 , Dunsby 1991 , Mukhanov 1992 . We choose coordinates comoving with the matter: 
The normalization conditions imply that h 00 = 0 and δu 0 r = δu r0 = 0. The permissible coordinate transformations in the comoving gauge are (Sachs and Wolfe 1967) 
where the first-order function ξ a has the form
and x α are the space coordinates for α = 1, 2 and 3. The metric perturbations transform
where a prime ( ′ ) denotes derivative with respect to the time coordinate η = x 0 . The velocity perturbation is gauge invariant to the required order. The density perturbations transform as follows (Brauer 1990 ),
Energy conservation
The energy conservation (5) for the first-order perturbations of the dust reads
where h = h α α is the trace of the metric perturbation and a prime denotes partial derivative with respect to the conformal time η. Hence we get
Here the integration function E(x β ) depends only on the space coordinates x α (α = 1, 2 or 3). A gauge transformation (13) alters E as follows,Ê
The energy conservation law (5) for the radiation has the form
Collecting the first-order terms, we have 3 4
Momentum conservation
For the dust, the conservation law (6) simplifies,
This has the solution
The coordinate freedom (13) makes it possible to arrange (White 1973 
The remaining gauge transformations are still of the form (13), with
Here the Laplacian is defined by ∆b = −η αβ b, αβ .
The momentum conservation law (6) reads for the radiation perturbations
The potential v
In (Perjés and Komárik 1995), the potential v has been introduced under the assumption that the vorticity of the radiation vanishes. We now show that this potential exists for generic perturbations, without resorting to any assumption about the vorticity. We introduce the potential v = v η, x β by writing
Under gauge transformations,v = v + ρ 1/4 r b. Thus we can integrate Eq. (25) as follows:
such that the function of integration has no significance in (26) and is dropped. Hence the velocity perturbation δu rα = δ g αb u b r has the form
Substituting δu α r and δρ r in the perturbed energy conservation [Eq. (20)], we obtain
Einstein equations
The perturbed Einstein tensor will be written
Here o G a b is the unperturbed tensor and δG a b the first-order part. The Einstein equations for the first-order quantities are
Substitution of the Sachs and Wolfe 1967 expressions for δG a b and separating the trace-free part of the metric perturbation
The sum of (35) and (37) gives the simple relation
Taking the divergence of Eq. (36) and subtracting the η derivative of (35), we get the integrability condition of these equations. With the help of Eqs. (17), (39) and (20), we may verify, however, that this integrability condition is satisfied identically.
Plan of solution
In this section we review the steps of the solution procedure assuming no a priori knowledge of the scaling function a. First, we write the radiation velocity perturbation δu rα = δ g αb u b r as
Eliminating δu α r from Eqs (27) and (28), we obtain 
In the first place, the coupled system consisting of this and Eq. (39) is solved for the radiation density perturbation δρ r and for the trace h. We next express δu β r from Eqs. (25) and (40):
We determine the divergences of the trace-free part from Eqs. (37) and (36) as follows,
Here h 0α is given by Eq. (22) 
k=0 universes
The unperturbed (h ab = 0) metric satisfies (Misner 1973) 
such that the density ρ i equals ρ m o or ρ m r at some prescribed conformal time η = η 0 . Using the Hubble constant H = 24 ρ mo a 3 0 (which is realistic in a matter-dominated ambience at η = η 0 ), this equation can be written
where
Hence, fixing the origin of η, the solution has the form
Normalizing the time coordinate by ξ = η µ ,
so that the Big Bang occurs at ξ = 1. The range of the time coordinate is determined by the ratio of the radiation density to matter density 1 , thus in our Universe, ξ > 1.
The evolution of the trace h, Eq. (39), is driven by the velocity potential [Eq. (26)]:
where Eq. (17) was used for the matter density perturbation. We may get rid of the inhomogeneous term E(x β ) by introducing the function
Gauge transformations alter f as follows,f = f + 6 
We now introduce a new, gauge-invariant potential u by writing
Equation (52) and the time derivative of Eq. (53) then are, respectively,
From (55b), we can express ∆f and substitute it in the equation obtained by acting with the Laplacian on Eq. (55a). Thus we get the fourth-order equation for u :
Given a solution of the coupled equations (55a) and (55b), the radiation density perturbation can be computed from Eq. (26) as follows:
Particular solutions
(i) First we seek solutions with a vanishing gauge-invariant potential, u = 0. By Eq. (55b), then f is a harmonic function, ∆f = 0, and Eq. (55a) becomes
This is the generalized Legendre equation for ν = 2 and n = 4. Particular solutions are
and the associated Legendre function of the second kind
Inserting here the Legendre functions P 2 = 1 2 3ξ 2 − 1 and Q 2 = 
Thus the solution of Eq. (58) is
where the combination functions A 1 and A 2 are harmonic, ∆A 1 = ∆A 2 = 0, to yield the property ∆f = 0 as required. We may then perform a gauge transformation (51) with a harmonic b such that A 2 = 0 is set in the solution (61).
(ii) Our second set of particular solutions arises from the assumption that ∆u = 0. In this case we see from Eq. (56) that it isü, rather than f, that satisfies the generalized Legendre equation (58). Hence
where the two independent solutions are
It follows from ∆u = 0 that each of the integration functions
A particular solution of Eq. (55a) is given by (Bronstein 1974) 
Since u is a harmonic function, so is f 0 . Using (60), we obtain
The solution of the inhomogeneous Eq. (55a) has the form
Equation (55b) has yet to be satisfied:ü + µ 2 3 ∆f = 0. Inserting here (62), we get
3 ∆F 2 where F 1 and F 2 are biharmonic functions, i.e., ∆∆F 1 = ∆∆F 2 = 0. 
We take the Laplacian of both sides of Eq. (55a) and solve for ∆f , given the source term ∆u. This in turn yields the potential u by using Eq. (55b). A comparison of (61) and (64) reveals how the solution generating procedure essentially proceeds: the next solution in the sequence is generated by relaxing the harmonic condition on the coefficients of the given solution f .
The general solution of Eq. (49) is
where (Flammer 1957 , Stratton 1935 , Fisher 1937 , a solution of the homogeneous equationS
and S 1 α β is a particular solution of (38).
Let us consider the solutions which are given by C ∞ functions. Following White 1973, we may then represent the amplitude A 1 in terms of a C ∞ function B as follows,
The treatment of the curl terms containing h 0α is a fairly straightforward task. There remain to be found the pure density perturbations with h 0α =S 0 α β =0. For these perturbations, Eq. (38) simplifies somewhat,
For solution (i), we have h = ∆Bf 1 and δρ r = − 4 µKa ρ 3/4 r h, whencë
We seek a particular solution in the form
where the requirement of compatibility with the divergence equation (44) yields
and F (ξ) is a function to be determined. By substituting (71) into (70), we get the ordinary differential equationF
This has the solution 
where S 1 αβ and f 1 are given in Eqs. (71) and (60), respectively.
The Sachs-Wolfe effect
The temperature variation δT of the cosmic background radiation can be computed (Sachs and Wolfe 1967) 
where η R and η E denote the time of reception and emission, respectively, and w is the affine length along the null geodesic of propagation with tangent
such that e α e α = −1. We consider the contribution of the relatively increasing mode. Then h 0β = 0 and the second term under the integral in Eq. (76) vanishes. The term S 1 αβ has the amplitude B ,αβ . By using the relation y ,a dx a dw dw = y ,α e α dw − y ′ dη,
we get dipole anisotropy contributions with respective amplitudes B ,β e β and ∆B ,β e β and gravitational redshift terms. The trace part of h αβ , unlike that of the pure dust, is time-dependent, and thus the
